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$\frac{\mathrm{d}y}{\mathrm{d}t}(t)$ $=$ $f(t, y(t))$ , (1)
$y(t_{0})$ $=$ $y_{0}$ (2)
. , – . –
.
ODEIP 1 , R. E. Moore $[8, 9]$ ,
, [2] , R. J. Lohner





, [7, 8, 9].
, , [11, 12, 13] R. E.
Moore ( , Moore ) R. J. Lohner ( , Lohner ) ,
. , , Moore
(Point Moore ) .
2
(1), (2) $y(t)$ , ( (2)) $y(\tau)=z$
, $\tau$ $z$ , $\eta(t;\mathcal{T}, Z)$ . $y(t)\equiv\eta(t, t_{0}, y\mathrm{o})$ . $t$ , $t_{0}$ ,
$t_{1},$ $\cdots,$ $t_{N}$ $y(t_{i})(i=0,1, \cdots, N)$ $y0,$ $y_{1},$ $\cdots,$ $y_{N}$ ,
$\overline{y}_{0}$ , $\overline{y}_{1},$ $\cdots,$ $\overline{y}_{N}$ . ,
$\overline{y}_{k}$ , , $y_{k}$ ( $\overline{y}_{k}$ ) $\overline{Y}_{k}.$. $(k=0,1, \cdots, N)$
. , ,
.
$\eta(t;\mathcal{T}, Z)$ 1 , $\varphi(t;\mathcal{T}, Z)$ . ,
$t_{k+1}=t_{k}+h$ ( $h$ ) $\overline{y}_{k+1}$ $\overline{y}_{k+1}=\varphi(t_{k+1;}t_{k},\overline{y}_{k})$ . , 1
, $\overline{y}_{k+1}=\overline{y}_{k}+\psi(h, tk, \overline{y}_{k})\cdot h$ ( $\psi$ [4]), , $\overline{y}_{k+1}=$
$\varphi(t_{k+1}; t_{k},\overline{y}k)=\overline{y}_{k}+\psi(t_{k+1}-t_{k}, t_{k,\overline{y}_{k}})\cdot(t_{k+1}-t_{k})$ .
, Euler , $\varphi(t;tk,\overline{y}_{k})\equiv\overline{y}k+f(t_{k,\overline{y}_{k}})\cdot(t-t_{k})$ .
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, , 1 ,
, , ($p$ Runge-Kutta
, , $P$ ,
). , $t=\tau$ $\eta$ $t$ $k$
$\eta_{\mathcal{T}}^{<k>},z(=\frac{\mathrm{d}^{k}\eta}{\mathrm{d}t^{k}}(_{\mathcal{T}\tau};, z))$ (3)
, $\eta$ $P$ $\varphi$ ,
$\eta(\tau.+h;\tau, z)$ $=$
$\eta_{\mathcal{T}}^{<},z0><+\eta \mathcal{T},z1>h+\cdots+\frac{1}{p!}\eta\tau,zh<p>p+\frac{1}{(p+1)!}\frac{\mathrm{d}^{p+1}}{\mathrm{d}t^{p+1}}\eta(\mathcal{T}+\xi\cdot h;\mathcal{T}, Z)hp+1,$$(4)$
$\varphi(\tau+h;\tau, z)$ $=$ $\eta_{\tau,z}^{<0}+>\eta_{\mathcal{T}z},h+\cdots+\frac{1}{p!}<1>\eta_{\mathcal{T},z}<p>_{h^{p}}$ (5)
$(0<\xi\exists<1)$ .
1 $\varphi$ $\epsilon(t;\mathcal{T}, Z)$
$\epsilon(t;\tau, Z)\equiv\varphi(t;\tau, Z)-\eta(t;\tau, z)$ (6)
. ,
$\epsilon(t;\tau, z)=-\frac{1}{(p+1)!}\frac{\mathrm{d}^{p+1}}{\mathrm{d}t^{p+1}}\eta(\mathcal{T}+\xi\cdot h;\mathcal{T}, Z)hp+1$ (7)
. , (7) , (5) ,
$p+1$ [7]. ,
.
, [1] , ,
$\oplus,$ $\ominus,$ $\otimes,$ $\emptyset$ . , $f(x)$ , $f$ $e_{f}$ (
) , $X=[Xl, Xh]$ $f$ $\{f(x)|x\in X\}(\equiv$
$W(f;^{x}))$ [1]. - , $e_{f}$ $e_{F}$ ,
$X$ , $e_{F}$ F (X), , $f(X)$ . $f$
, $W(f;X)$ – , $f_{e_{F}}(X)$ $e_{f}$ .
, $e_{f}$ , $f(X)\supseteq W(f;X)$ . . :. ..
3 Moore Lohner
Moore $[8, 9]$ , Lohner [7] , ,
. , $y$ , , wrapping
effect . ’
, 1 , ,
. $[5, 6]$ , ,
, .
, , $t=t_{k}$ $\overline{y}_{0}$ , $\overline{y}_{1},$ $\cdots,$ $\overline{y}_{k}$ , , ( )
$\overline{Y}_{0},$ $\overline{Y}_{1}.,$
$\cdots,$
$\overline{Y}_{k}$ . , $t=t_{k+1}$ $\overline{y}_{k+1}$
$\overline{1^{r}}_{k+1}$ . Moore Lohner ,
4 :(1) $T_{k}=[t_{k}, t_{k+1}]$ ; (2)
; (3) ( )
; (4) $t=t_{k+1}$ .
31
3.1
(1), (2) $t=t_{k+1}$ , $\overline{y}_{k+1}-yk+1$ . ,
$t=t_{k}$ $\overline{y}_{k}-y_{k}$ , 2 .
, .
,
$\overline{y}_{k+1}-yk+1$ $=$ $\varphi(t_{k+1}; tk,\overline{y}k)-\eta(t_{k}+1;t_{k,yk})$
$=$ $\varphi(t_{k+1;}t.k,\overline{y}k)-\eta(tk+1;tk,\overline{y}k)+\eta(t_{k1;}+tk,\overline{y}k)-\eta(tk+1;t_{k}, yk)$
$= \epsilon(t_{k+1}; tk,\overline{y}k)+\frac{\partial\eta}{\partial z}(t_{k1}+; t_{k}, \theta k\overline{y}_{k}+(1-\theta k)yk)\cdot(\overline{y}_{k}-y_{k})$ (8)
Moore $(0<\exists_{\theta_{k}}<1)$ .
$\overline{y}_{k+1}-yk+1$ $=$ $\varphi(t_{k+1;}t_{k},\overline{y}_{k})-\eta(tk+1;t_{k,yk})$
$=$ $\varphi(t_{k+1;}t_{k}, \overline{y}_{k\sim})-\varphi(t_{k+}1;t_{k}, yk)+\varphi(tk+1;tk, yk)-\eta(t_{k+}1;tk, y_{k})$
$=$ $\frac{\partial\varphi}{\partial z}(t_{k+1} ; t_{k}, \zeta_{k}\overline{y}_{k}+(1-\zeta_{k})yk)\cdot(\overline{y}_{k}-y_{k})+6(t_{k}+1;t_{k}, yk)$ (9)
Lohner $(0<\exists\zeta_{k}<1)$ . .
Moore , Lohner :
$\epsilon(t_{k+1};tk,\overline{y}_{k})$ , (10)
$\frac{\partial\eta}{\partial z}(t_{k+1;k,k}t\theta\overline{y}_{k}+(1-\theta_{k})y_{k})$ , (11)
$\frac{\partial\varphi}{\partial z}(t_{k+1;}t_{k}, \zeta_{k\overline{y}_{k}}+(1-\zeta_{k})yk)$ , (12)
$\epsilon(t_{k+1};t_{k,y_{k}})$ . (13)
, (11) $\eta$ ( ) , (12) $\varphi$ ( )
.
, $y$ ( $n$ ) $y$ , $\theta_{k}$ $\zeta_{k}$ . , (11)
, $i$ $\partial\eta_{i}/\partial z(t_{k+1;k}t, (\theta_{k})_{i}\overline{y}_{k}+(1-(\theta_{k})_{i})y_{k})$ $n\cross n$
( $\eta_{i}$ $\eta$ $i$ ). $(\theta_{k})_{1},$ $\cdots,$ $(\theta_{k})_{n}$ ,
, – [7].
3.2
$).-$ $t\in T_{k}=[t_{k}, t_{k+1}]$ ( ) $U_{\overline{\mathrm{Y}}_{k}}$ , $\forall_{\overline{y}}\in\overline{\mathrm{Y}}_{k}$ ,
$y(t_{k})=\overline{y}$ (1) $T_{k}$ :1
$U_{\overline{Y}_{k}}\equiv\{\eta(t;tk,\overline{y})|t\in\tau_{k\overline{y}},\in\overline{Y}_{k}.\}$ . (14)
$U_{\overline{Y}_{k}}$ – , $y(t_{k}+\xi)=y(t_{k})+$
$y’(t_{k}+\theta\cdot\xi)\cdot\xi=y(t_{k})+f(t_{k}+\theta\cdot\xi, y(t_{k}+\theta\cdot\xi))\cdot\xi$ , $U_{\overline{Y}_{k}}$




1 [6]. , (10) $\sim$ (13) ,
.
32
, $\overline{V}_{\overline{Y}_{k}}$ $\overline{U}_{\overline{Y}_{k}}$ .
, $\overline{V}_{\overline{Y}_{k}}$ , (15) $\overline{V}_{\overline{Y}_{k}}$ ,
, (15) .
321
$\overline{V}_{\overline{Y}_{k}}$ – , $T_{k}$
$f(T_{k},\overline{Y}_{k}.)$ , , $c_{1},$ $c_{2}$
,
$\overline{V}_{\overline{Y}_{k}}:=\overline{Y}_{k}\oplus[-c_{1},$ $c21\otimes f(T_{k},\overline{Y}_{k})\otimes(Tk-t_{k})$ (16)
( , $c_{1}=c_{2}=2$ [5]).
$\overline{U}_{\overline{\mathrm{Y}’}_{k}}$ , $f$ $\overline{Y}_{k}$
, , $\overline{V}_{\overline{\mathrm{y}^{r}}_{k}}$ $\overline{U}_{\overline{1’}_{k}}$ .
322
$\overline{V}_{\overline{Y}_{k}}\mathrm{F}_{}^{-}$ , (15) , $\overline{W}_{\overline{Y}_{k}}$ :
$\overline{W}_{\overline{Y}_{k}}:=\overline{Y_{k}}\oplus f(\tau_{k},\overline{V}_{\overline{Y}_{k}})\otimes(\tau k-t_{k})$. (17)
, $\overline{V}_{\overline{1’}_{k}}\supseteq\overline{W}_{\overline{Y}_{k}}$ .
$\overline{V}_{\overline{1’}_{k}}\supseteq\overline{W}_{\overline{Y}_{k}}$ , $\overline{U}_{\overline{Y}_{k}}:=\overline{V}_{\overline{Y}_{k}}$ . ,
, $\overline{W}_{\overline{Y}_{k}}\mathrm{F}_{arrow}^{arrow}$ , $\overline{V}_{\overline{Y}_{k}}:=\overline{W}_{\overline{Y}_{k}}$ , (15) . , (17)




. , $\overline{V}_{\overline{Y}_{k}}$ (15) ,
$h$ .
.
(15) $(\overline{V}_{\overline{Y}_{k}}\not\geq\overline{W}_{\overline{Y}_{k}})$ , $\overline{V}_{\overline{Y}_{k}}$ .
, $\epsilon(\simeq 0.1)$ , $\overline{\mathrm{I}^{r_{\overline{Y}_{k}}},}:=(1+\epsilon)\overline{V}_{\overline{Y}_{k^{\ominus\epsilon}}1_{k}}\overline{V}\overline{\prime}$ , $\overline{V}_{\overline{Y}_{k}}$ \emptyset
(15) [5, 7, 10]. , $f(T_{k},\overline{V})\overline{Y}k$ $h$
, $\overline{V}_{\overline{Y}_{k}}$ .
, , $\overline{Y}_{k}$ ,
, , $\overline{y}_{k}$ 1 $\overline{U}_{\overline{y}_{k}}(\text{ }$
(19) $)$ $\overline{U}_{y_{k}}$ . , $\overline{U}_{\overline{y}_{k}}\#\mathrm{h}$ , Point Moore
.
3.3
, Moore $\vee C(tk+1;t_{k},\overline{y}k)$ , Lohner $6(t_{k+1;t_{ky}}.,k.)$
.
(5) $P$ , (6) .
, $\overline{U}_{\overline{Y}_{k}}$ . , Moore ,
, $\overline{y}_{k}$ , $\overline{U}_{\overline{Y}_{k}}$
$\overline{U}_{\overline{y}_{k}}\supseteq U_{\overline{y}_{k}}\equiv\{\eta(t;t_{k,\overline{y}_{k}})|t\in T_{k}\}$ (19)
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(6) . Point Moore (\S 4).
$y_{k}$ , $\mathrm{L}_{k}$ – .
, ([3, 14] ) ,
$\overline{U}_{\overline{Y}_{k}}$
$\overline{U}_{\overline{y}_{k}}$ [10]. $\overline{E}_{k}(\overline{U}_{\overline{Y}_{k}}),$ $\overline{E}_{k}(\overline{U}_{\overline{y}_{k}})$
.
3.4
, (11) $\eta$ $z$ $\partial\eta/\partial z$ ,
, (12) $\varphi$ 2 $\partial\varphi/\partial z$ .
– , ( ) ,
, $\overline{C}_{k},$ $\overline{A}_{k}$ . , Moore $\overline{C}_{k}$ Lohner $\overline{A}_{k}$
[10].
, , $\varphi$ , Lohner
(12) , (
) $[7, 10]$ . $\overline{A}_{k}(\overline{Y}_{k})$ .
, Moore , $\eta$ (1) , \partial \eta /
. $\partial\eta/\partial z(\theta)$ $C(t)$ ( ,
) , $\overline{C}_{k}$
$\frac{\mathrm{d}y}{\mathrm{d}t}(t)=f(t, y(t)),$ $\frac{\mathrm{d}C}{\mathrm{d}t}(t)=\frac{\partial f}{\partial y}(t, y(t))\cdot c(t)$ , $y(t_{k})=\theta_{k}\overline{y}_{k}+(1-\theta_{k})yk,$ $C(t_{k})=I$ (20)
ODEIP $t=t_{k+1}$ $C(t_{k1}+)$ (I )[10].
, $\theta_{k},$ $y_{k}$ , , (20) $y(t)$ , $C$ ODEIP
. , , ,
. $\overline{C}_{k}(\overline{c^{\gamma_{\overline{Y}}}}$
.
$)k$ . $\overline{C}_{k}$ $\overline{y}_{k}$
[10] (\S 5.1.4). 2
3.5
, $t=t_{k+1}$ . , ,
,
$\overline{Y}_{k+1}=\overline{C}_{k}\otimes\overline{Y}_{k^{\oplus}}\overline{E}_{k}$ or $\overline{Y}_{k+1}=\overline{A}_{k}\otimes\overline{Y}_{k}\oplus\overline{E}k$ (21)
.
, $t_{\ell}$ ,
$\overline{y}_{k+1}.-y_{k+1}$. $=$ $(_{j=} \prod_{\ell}^{k}\frac{\partial\psi}{\partial z}(t_{j+1} ; t_{j}, \xi j\overline{y}_{j}+(1-\xi_{j})y_{j}))\cdot(\overline{y}_{\ell}-y_{\ell})$ (22)




1. Lohner , Moore , Point Moore
. 3 , Moore , $\psi=\eta,$ $z_{j}=\overline{y}_{j},$ $\xi_{j}=\theta_{j}$ , Lohner
, $\psi=\varphi,$ $z_{j}=y_{j},’\xi_{j}=\zeta_{j}$ . ,
.
$\overline{Y}_{k+1}$
$[5, 10]$ . .
, ( $\overline{C_{j}\prime}$ $\overline{A}_{j}$ ):
$\overline{Y}_{k+1}=(\prod_{j=\ell}^{k}\overline{c}j)\otimes\overline{Y}_{\ell}.\oplus i=\ell\sum^{k}+1(j=\prod_{i}\overline{C}j)\overline{E}_{i-1}\oplus\overline{E}_{k}k$ . (25)
, Moore , Lohner –
. $k$ $\ell=0$ (25) , $\overline{Y}_{0,1}\overline{Y},$ $\cdots,$ $\overline{Y}_{N}$
, $\mathrm{O}(N^{2})$ , .
$[5, 10]$ .
4
Moore , (10), (11) , Lohner
(12), (13) . , Moore , Lohner
, $\overline{U}_{\overline{y}_{k}}$ Moore (Point Moore ) 3
( 1). - $y_{k}$ , $\mathrm{L}_{k}$ (Point Lohner
) Lohner . , , ..
Lohner $T_{k}=[t_{k}, t_{k+1}]$ , $\overline{Y}_{k}$ $\overline{U}_{\overline{Y}_{k}}$
. , (18) . $\overline{U}_{\overline{Y}_{k}}$ , ,
$\overline{E}_{k}(\overline{U}_{\overline{Y}_{k}})$ . , $\overline{Y}_{k}$ ,
. $\overline{A}_{k}(Y\mathfrak{d}$ . $t=t_{k+1}$
$\overline{]^{\nearrow}}k+1$ $\overline{\mathrm{Y}^{r}}_{k+1}:=\overline{A}_{k}\overline{Y}_{k}+\overline{E}_{k}$ . ( , (25) )
Moore Lohner , , $\overline{C}_{k}$ .
, $\overline{C}_{k}$ .
Point Moore , $\overline{U}_{\overline{y}_{k}}$ , Moore
. Moore ( Lohner )
, , . $\overline{C}_{k}$
Moore , , $\overline{U}_{\overline{Y}_{k}}$ . , $\overline{U}_{\overline{y}_{k}}$ ,









$(x(\mathrm{O}), y(\mathrm{O}),$ $u(\mathrm{o}),$ $v(\mathrm{O}))=(\mathrm{O}.\mathrm{O}1, \mathrm{o}.4, -0.9, -1.4)$ (27)
, $\varphi$ , 8 ( 9 ) $(\varphi_{8})$ 16 (
17 ) $(\varphi_{16})$ , . ,
, , , , 2
, $:=2\cdot h$ .





, (26) , $(x^{2}+y^{2})^{3/2}$ $0$ ,
, .
, (16) $c_{1}=c_{2}=2$ , ,
. $c_{1}$ , c2 , $c_{1}=0.0$ , c2 $=1.1$ . (




$\varphi_{8}$ , , , $x(t),$ $y(t),$ $u(t),$ $v(t)$
2 . , Moore , Point Moore ,
$\overline{C}_{k}$ 8 . $t$ ,
, 3 .
5.12 2
$\varphi_{16}$ , 1 ( 3).
36
3. [ 2] $\varphi_{16}$
513 3
, ,
. 1 , 1 188 ,
, 1870 ( 3 , 37 ( )), 1 10
.
, 11 , 6
, 1 . , ,
(18) . 4 . , $t=0.70605$
. 1 Lohner Moore
.
514 4
, Moore Point Moore , $\overline{C}_{k}$
. $\overline{y}_{k}$ $\varphi$ , $\overline{C}_{k}$.
, . 5 .
6
.
$\bullet$ , Lohner . –
, Point Moore ,
. , 8 2 , 16 1.1
. ODEIP
, Point Moore . ,
Moore Lohner .
$\bullet$ 4 , Point Moore ,
Lohner 1/4 . , , 1
.
$\bullet$ Taylor , (5) , $\mathrm{O}(p^{3})$




4. [ 3] ( $\varphi_{8},$ $t=0.70605$ )
$\bullet$ 4 , , (18) , 2
. , 6 ,
, (18) ( 2
). , – ,
.
$\bullet$ 5 , $\overline{C}_{k}$. , Moore , Point Moore
Lohner . , $\overline{C}_{k}$ 4
, Point Moore , Lohner ,
15 . , $C(t)$ $y(t)$
. , $C(t)$
$y(t)$ . 2 , 188 , (15)
, $y(t)$ $0$ , 37 , 1 59
, $C(t)$ 4 , 28 , 12 .
– , $y(t)$
4 , $C(t)$ 16 , Moore Point Moore
.
$\bullet$ , , ,
– .
, , Lohner Moore
, Point Moore .
38
5. [ 4] $\overline{C}_{k}$ ( $\varphi_{8},$ $t=0.70605$
)
$, \ovalbox{\tt\small REJECT}_{\mathrm{Q}-}^{\mathrm{R}\ovalbox{\tt\small REJECT}\fbox{}}t\ovalbox{\tt\small REJECT}^{\#\mathrm{f}}(+\prime r\not\geq^{\mathrm{X}\ovalbox{\tt\small REJECT}}\text{ })u2864\cross 10-=40^{\mathfrak{o}\Re \mathrm{f}\mathrm{f}\mathrm{i}^{\mathrm{l}}\mathrm{J}}\prime f\ddagger \text{ ^{}\wedge}\mathrm{A}\mathfrak{X}^{2}’ T\ovalbox{\tt\small REJECT}^{k}\mathrm{f}\mathrm{f}\mathrm{l}22845\cross 10^{-3}-273919\mathbb{R}^{\prime X9}f\frac{\mathrm{b}}{C}\mathrm{R}\ovalbox{\tt\small REJECT}\subset \mathbb{H}\ovalbox{\tt\small REJECT}(^{\mathrm{d}}J)-=y60_{93\cross 1018}02\cross 10^{-3}597710^{-}v18079\cross 20910^{-}390-282^{\cross}-230_{\mathrm{X}}2^{\cross 10}14103$
, $x$ $3139\cross 10^{-2}$ $3103\cross 10^{-2}$
$\text{ }1\backslash ’=0723_{\wedge}\dot{\mathrm{x}}\sigma)_{\mathrm{A}}\tau\backslash \backslash \ovalbox{\tt\small REJECT}^{k}079,\overline{C}$
$uy$ –2$003\cross 10^{-2}$ 1 $984\cross 10^{-2}$
( ) $1116\cross 10^{-1}$ $1.099\cross 10^{-1}$
$v$ $7.524\cross 10^{-2}$ $7.422\cross 10^{-2}$
( ) 181 192
$y(t)$ , (wrapping effect)
. , Point Moore
. , , Lohner .
,
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